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In this article we show how to construct hierarchies of partial differential
equations from the vertex operator representations of toroidal Lie algebras. In the
smallest example}rank 2 toroidal cover of sl }we obtain an extension of the2
KdV hierarchy. We use the action of the corresponding infinite-dimensional group
to construct solutions for these non-linear PDEs. Q 1999 Academic Press
0. INTRODUCTION
In this article we show how to construct hierarchies of partial differen-
tial equations and their soliton-type solutions from the vertex operator
representations of toroidal Lie algebras.
Soliton theory was given a new impetus when it was linked with the
representation theory of infinite-dimensional Lie algebras in the works of
w x w xSato S , Date]Jimbo]Kashiwara]Miwa DJKM , and Drinfeld]Sokolov
w xDS . It was discovered that for various partial differential equations the
space of soliton solutions has a large group of hidden symmetries. More-
over, for every Kac]Moody algebra one can construct a hierarchy of PDEs
w xwhose symmetries form the corresponding Kac]Moody group KW .
The most famous example occurs in the context of the affine Kac]Moody
Ž1. Ž w y1 x.algebra A , which is a central extension of the loop algebra sl C t, t .1 2
Ž .In this case the hierarchy contains the Korteweg]de Vries KdV equation
f s ff q ft x x x x
as the equation of the lowest degree.
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We generalize this approach for the toroidal Lie algebras. The difficul-
ties arise because the toroidal Lie algebras have no triangular decomposi-
tion and many methods of the Kac]Moody theory do not work. However,
an important class of representations of these algebras was constructed in
w x w x w xMEY , EM , and B . Here we establish a connection between the
w xprincipal vertex operator realization developed in B and nonlinear partial
differential equations.
We study in detail the case of the smallest toroidal algebra}the
Ž w y1 y1 x.universal central extension of sl C t , t , t , t . This algebra has affine2 0 0 1 1
Kac]Moody algebra AŽ1. as a subalgebra. The hierarchy we obtain has the1
KdV hierarchy as a proper subset. Equations of low degrees in the
extended KdV hierarchy, but not in the KdV subhierarchy, are the
following:
› 1 1
f y f y f f s ft x x y x y y zž /› x 6 6
and
f q 6 f f y f y 4 f f y 2 f f s 0.x x x t x x x t x x y z x y x z x x y z
We use algebraic methods to construct solutions for the extended KdV
hierarchy.
The paper is organized as follows. In Section 1 we present the construc-
w xtion of the toroidal algebras. In Section 2 we review the main results of B
for the principal vertex operator representations. We obtain the extended
KdV hierarchy in Section 3 and construct its solutions in Section 4. In the
Appendix we discuss the generalized Casimir operators and give a proof of
Proposition 1 that is fairly standard but is crucial for our derivation.
1. TOROIDAL LIE ALGEBRAS
Throughout this paper we will use the constructions and the notations
w xof B .
Let g be a finite-dimensional simple Lie algebra over C of type A , D ,Ç l l
ÇŽ .or E i.e., simply laced with the root system D. The algebra g possesses aÇl
Ž .nondegenerate symmetric invariant bilinear form ?N ? . The reduction of
Ç Ç Çthis form to the Cartan subalgebra h induces the map n : h “ h* and a
Ç Ž .bilinear form on h*. We normalize both forms by the condition a N a s 2
Ç Ç 4for all nonzero roots a g D. Let a , . . . , a be the simple roots in D.1 l
Ç l lŽ .Define the height function ht: D “ Z by ht Ý k a s Ý k . Letjs1 j j js1 j
Ç ÇŽ . Ž .r g h* be such that r N a s ht a for a g D.
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Let h be the Coxeter number of g. Consider the principal Z -gradationÇ h
of g:Ç
g s g ,Ç ÇÝ j
jgZ h
a Ž . Ž .where g is the direct sum of the root spaces g with ht a s j mod h .Ç Çj
ÇThe algebra g possesses a Cartan subalgebra s that is homogeneousÇ
 4with respect to the principal Z -gradation and has a basis T , . . . , T suchh 1 l
that T g g , where the numbers 1 s m F m F ??? F m s h y 1 areÇi m 1 2 li
 4the exponents of g. Define a sequence b by b s jh q m forÇ i ig N jlqi i
i s 1, . . . , l and j G 0.
ÇThe basis of s can be normalized so that
T N T s hd . 1.1Ž .Ž .i lq1yj i j
Ç ÇLet D be the root system of g with respect to the Cartan subalgebra s.Çs
ÇFor a g D fix a root elements
Aa s Aa , Aa g g .ÇÝ j j j
jgZ h
a Ž . w a x a aDefine constants l s a T . Then T , A s l A .i i i i
A central extension of the Lie algebra,
g m s j,ÇÝ j
jgZ
is the principal realization of untwisted affine Kac]Moody algebra. The
n q 1-toroidal Lie algebra is the universal central extension of
j " "g m s C t , . . . , t .ÇÝ j 1 n
jgZ
w xThe vertex operator representations of this algebra were studied in MEY ,
w x w xEM , and B . In the present paper we will use a larger algebra,
j w n xg s g m s C R .Ä ÇÝ j
jgZ
w " "xWe replace the algebra of Laurent polynomials C t , . . . , t , which is the1 n
n n w n xgroup algebra of Z , with the group algebra of R . The algebra C R has
r r1 rn Ž . na basis of monomials t s t , . . . , t , r s r , . . . , r g R . The multiplica-1 n 1 n
w n x r m rHm Ž .tion in C R is given by t t s t . All of the results and their proofs
w xfrom B remain valid for this version of the toroidal Lie algebras.
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The following description of the universal central extension of g isÄ
w x Ž w x.based on the general result of Kas see also MEY .
Ç Ž .  4Let K be an n q 1 -dimensional space with the basis K , K , . . . , K .0 1 n
Consider the space
Ä Ç h yh nw x w xK s K m C s , s m C R
Äand its subspace d K spanned by the elements
r K m s r0 htr q r K m s r0 htr q ??? qr K m s r0 htr .0 0 1 1 n n
Ä ÄThe factor space K s Krd K is the space of the universal central exten-
sion of g , and the Lie bracket in the toroidal algebra g s g [ K is givenÄ Ä
by
g m f s, t , g m f s, tŽ . Ž .1 1 2 2
n1 › f › f1 1w xs g , g m f f q g N g s f K q t f KŽ . Ž . Ý1 2 1 2 1 2 2 0 p 2 p½ 5h › s › tpps1
and
w xg , K s 0.
From now on we will omit the tensor product sign when writing the
elements of g.
2. PRINCIPAL VERTEX OPERATOR CONSTRUCTION
FOR TOROIDAL LIE ALGEBRAS
w xNow we can describe the representation of g constructed in B . The
Ž .space F of this representation the Fock space is the tensor product of the
n Ž  r n4.group algebra of R with the basis q N r g R and the algebra of
polynomials in infinitely many variables:
ps1, . . . , nnw x w xF s C R m C x , u , ¤ .b pi p ii igN
Instead of specifying the action of individual elements of g on F, we will
Ž .represent certain generating series by vertex operators . Let z be a formal
variable. We set
w s jhtrK zyj h s K z , r , 2.1Ž . Ž .Ž .Ý 0 0
jgZ
YULY BILLIG44
where
n n yj hz ›
r jhK z , r s q exp r z u exp y r , 2.2Ž . Ž .Ý Ý Ý Ý0 p p j pž / ž /j › ¤ p jps1 jG1 ps1 jG1
w s jhtrK zyj h s K z , r s K z K z , r , 2.3Ž . Ž . Ž . Ž .Ž .Ý p p p 0
jgZ
where
›
ih yihK z s iz u q z , 2.4Ž . Ž .Ý Ýp pi › ¤ p iiG1 iG1
w T sm iqj htr zym iyj h s T z , rŽ .Ž .Ý i i
jgZ
s T z K z , r , i s 1, . . . , l , 2.5Ž . Ž . Ž .i 0
where
›
jhym yjhymi iT z s jh y m z x q z . 2.6Ž . Ž . Ž .Ý Ýi i jhym i › x jhqmjG1 jG0 i
a j r yj a a Çw A s t z s A z , r s A z K z , r , a g D , 2.7Ž . Ž . Ž . Ž .Ž .Ý j 0 s
jgZ
where
r Aa zyb i ›Ž .0a a b aiA z s y exp l z x exp y l .Ž . Ý Ýi b lq1yiž /i ž /h b › xi biG1 iG1 i
2.8Ž .
We also represent derivations of g as operators on F. Before we
introduce these, we need to discuss the operation of the normal ordering.
Ž .Consider the algebra of the differential operators Diff y , y , . . . on1 2
w xthe space C y , y , . . . :1 2
n
›
w xDiff y , y , . . . s f y f y g C y , y , . . . ,Ž . Ž . Ž .Ý1 2 n n 1 2ž /½ 5› yngA
Ž .where A is the set of sequences n s n , n , . . . with n g Z , where only1 2 i q
Ž .finitely many terms are nonzero. We use the notations y s y , y , . . .1 2
Ž .n Ž .n1Ž .n2and ›r› y s ›r› y ›r› y . . . . A differential operator P g1 2
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Ž .Diff y , y , . . . can be viewed as a linear map:1 2
w x w xP : C y , y , . . . “ C y , y , . . . .1 2 1 2
Ž .The space Diff y , y , . . . has a structure of an associative algebra with1 2
respect to the composition of operators. This algebra is not commutative,
because ›r› y and y do not commute. The normal ordering : : is a newi i
Ž .commutative associative product on Diff y , y , . . . defined by1 2
n m
› ›
: f y g y :Ž . Ž .Ý Ýn mž / ž /ž / ž /› y › yngA mgA
nqm
›
s f y g y .Ž . Ž .Ý n m ž /› ynqmgA
Now consider the following operators on F:
D z , r s : D z K z , r :, p s 1, . . . , n , 2.9Ž . Ž . Ž . Ž .p p 0
where
› ›
ih yihD z s iz ¤ q q q z , 2.10Ž . Ž .Ý Ýp pi p › q › up piiG1 iG1
and
D z , r s : D z K z , r :, 2.11Ž . Ž . Ž . Ž .s s 0
where
l n1
D z s y :T z T z :y h : D z K z :. 2.12Ž . Ž . Ž . Ž . Ž . Ž .Ý Ýs i lq1yi p p2 is1 ps1
Ž . Ž .Expanding the generating series D z, r and D z, r , we obtain operatorsp s
s jhtrD and s jhtrD :p s
D z , r s s jhtrD zyj h , D z , r s s jhtrD zyj h . 2.13Ž . Ž . Ž .Ý Ýp p s s
jgZ jgZ
Ž .We summarize below the main results Theorem 5 and Proposition 8
w xof B .
Ž . Ž . Ž .THEOREM A. a The formulas 2.1 ] 2.8 define a representation of the
toroidal Lie algebra g on the Fock space F.
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Ž . r0 h r r0 h r Ž . Ž .b The operators s t D and s t D defined by 2.9 ] 2.13 act onp s
g as deri¤ations:
r h r a j m a r hqj rHm0 0s t D , w A s t s m w A s t ,Ž . Ž .p j p j
r h r a j m a r hqj rHm0 0s t D , w A s t s jw A s t ,Ž . Ž .s j j
r h r b m r hqb rHm0 i 0 is t D , w T s t s m w T s t ,Ž . Ž .p i p i
r h r b m r hqb rHm0 i 0 is t D , w T s t s b w T s t .Ž . Ž .s i i i
r0 h r r0 h r Ž .Remark. Although the operators s t D and s t D act on w g asp s
w h yh x w n xderivations of C s , s m C R , the algebra they generate together with
Ž .w g is not isomorphic to the semidirect product of g with D s
Ž w h yh x w n x.Der C s , s m C R . A direct computation shows that the span of
s r0 htrD and s r0 htrD is not closed under the Lie bracket. The commuta-p s
Ž .tors contain extra terms that commute with w g .
Our main tool for the construction of the hierarchies of partial differen-
tial equations will be the generalized Casimir operators. We introduce
Ž .these by the following generating series see Appendix for details :
V z s V zyj hŽ . Ý j
jgZ
l1 1
a yas : T z mT z q A z mA zŽ . Ž . Ž . Ž .Ý Ýi lq1yi a ya½ h A N AŽ .is1 ÇagD s
l h q 1 1 1Ž .
y q D z m 1 q 1 m D zŽ . Ž .s s12h h h
n n
q D z m K z q K z m D zŽ . Ž . Ž . Ž .Ý Ýp p p p 5
ps1 ps1
= K z , r m K z , yr :. 2.14Ž . Ž . Ž .Ý 0 0
nrgR
n Ž . Ž .Both g and its module F are graded by Z = R . Thus the U g m U g -
Ž n. Ž n.module F m F is graded by Z = R = Z = R , and we can consider its
completion F m F with respect to this grading. The operators V act fromk
F m F to F m F. Also note that both F m F and F m F have the g-module
structure.
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PROPOSITION 1. The operators
V : F m F “ F m Fk
commute with the action of g.
The proof of this proposition is given in the Appendix.
3. EXTENDED KdV HIERARCHY
Ž .As in the affine case, the equation V t m t s 0 decomposes in thek
hierarchy of partial differential equations in the Hirota form. In this
section we study the hierarchy that corresponds to the smallest toroidal
Ž . Ž .algebra with g s sl C and n s 1. The Coxeter number of sl C isÇ 2 2
h s 2, and its only exponent is m s 1.1
The representation space is
w x w x w x w xF s C R m C x , x , x , . . . m C u , u , . . . m C ¤ , ¤ , . . . ,1 3 5 1 2 1 2
w x Ž .  r 4where C R is the group algebra of R, q with the basis q N r g R . The
Ž . Ž . Ž waction 2.1 ] 2.8 of g on F can be written as follows cf. Kac, Sect.
x.14.13 :
zy2 i ›
r 2 iK z , r s q exp r z u exp yr ,Ž . Ý Ý0 iž / ž /i › ¤ iigN igN
›
2 i y2 iK z s iz u q z ,Ž . Ý Ý1 i › ¤ iigN igN
›
j yjT z s jz x q z ,Ž . Ý Ýj › x jjgN jgNodd odd
1 zyj ›
" a jA z s exp "2 z x exp .2 ,Ž . Ý Ýjž / ž /2 j › x jjgN jgNodd odd
T z , r s T z K z , r , A" a z , r s A" a z K z , r ,Ž . Ž . Ž . Ž . Ž . Ž .0 0
K z , r s K z K z , r .Ž . Ž . Ž .1 1 0
Ž . a Ž .For the positive root a of sl C , we will denote A z, r simply by2
Ž . ya Ž . Ž .A z, r . Then A z, r s A yz, r .
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The derivations of g are represented by
› ›
2 i y2 iD z s iz ¤ q q q z ,Ž . Ý Ý1 i › q › uiigN igN
1D z s y :T z T z :y 2: D z K z :,Ž . Ž . Ž . Ž . Ž .s 1 12
D z , r s : D z K z , r :, D z , r s : D z K z , r :.Ž . Ž . Ž . Ž . Ž . Ž .1 1 0 s s 0
Ž .The Casimir generating series 2.14 can be written as
1 1
V z s : A z m A yz q A yz m A zŽ . Ž . Ž . Ž . Ž .½ 4 4
1 1 2y y : T z m 1 y 1 m T z :Ž . Ž .Ž .
8 4
y: D z m 1 y 1 m D z K z m 1 y 1 m K z :Ž . Ž . Ž . Ž .Ž . Ž .1 1 1 1 5
= K z , r m K z , yr :.Ž . Ž .Ý 0 0
rgR
We consider the system of equations
V t m t s 0, k G y1,Ž .k
Ž1. Žon a function t g F. In the case of affine Kac]Moody algebra A i.e.,1
Ž . .g s sl C , n s 0 , this system is equivalent to the KdV hierarchy ofÇ 2
Žw x.partial differential equations Kac . In the toroidal case considered here,
we obtain a hierarchy that contains the KdV hierarchy as a proper subset.
The tensor square F m F of a polynomial algebra F is again a polyno-
mial algebra in twice as many variables. Denoting the variables in the first
copy of F by q9, xX , uX , ¤ X and in the second copy of F by q0, xY, uY, ¤Y, wej i i j i i
Ž .obtain the following representation for V z :
1 zyj › ›
X YjV z s : exp 2 z x y x exp y2 yŽ . Ž .Ý Ý X Yj jž / ž /½ ž /16 j › x › xj jjgN jgNodd odd
1 zyj › ›
X Yjq exp y2 z x y x exp 2 yŽ .Ý Ý X Yj jž / ž /ž /16 j › x › xj jjgN jgNodd odd
2
1 1 › ›
X Yj yjy y : jz x y x q z y :Ž .Ý Ý X Yj j ž /ž /8 4 › x › xj jjgN jgNodd odd
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› ›
X Y2 iy: iz ¤ y ¤ q q9 y q0Ž .Ý i i ž /ž › q9 › q0iG1
› ›
y2 iq z yÝ X Yž / /› u › ui iiG1
› ›
X Y2 i y2 i= iz u y u q z y :Ž .Ý Ý X Yi i ž /ž / 5› ¤ › ¤i iiG1 iG1
rq9
X Y2 i= exp r z u y uŽ .Ý Ý i iž /ž /q0rgR iG1
zy2 i › ›
= exp yr y :.Ý X Yž /ž /i › ¤ › ¤i iiG1
We perform the change of variables:
q9
X Y X Y1 1 1 1w s ln , w s ln q9q0 , x s x y x , x s x q x ,Ž . Ž . Ž .Ä Äj j j j j j2 2 2 2ž /q0
1 X Y 1 X Y 1 X Y 1 X Yu s u y u , u s u q u , ¤ s ¤ y¤ , ¤ s ¤ q¤ .Ž . Ž . Ž . Ž .Ä Äi i i i i i i i i i i i2 2 2 2
Then
› › › › › ›
s q9 y q0 , s y ,X Y› w › q9 › q0 › x › x › xj j j
› › › › › ›
s y , s y .X Y X Y› u › u › u › ¤ › ¤ › ¤i i i i i i
Ž .Ž .The expression V z t m t transforms as follows:
V z t q9, x9, u9, v9 t q0 , x0 , u0 , v0Ž . Ž . Ž .
1 zyj ›
js : exp 4 z x exp y2Ý Ýjž /½ ž /16 j › x jjgN jgNodd odd
1 zyj › 1
jq exp y4 z x exp 2 yÝ Ýjž / ž /16 j › x 8jjgN jgNodd odd
2
1 ›
j yjy : 2 jz x q z :Ý Ýjž /4 › x jjgN jgNodd odd
› ›
2 i y2 iy: 2 iz ¤ q q zÝ Ýiž /› w › uiiG1 iG1
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›
2 i y2 i= 2 iz u q z :Ý Ýiž / 5› ¤ iiG1 iG1
zy2 i ›
2 r w 2 i= e exp 2 r z u exp yr :Ý Ý Ýiž / ž /i › ¤ irgR iG1 iG1
wÄqw wÄywt e , x q x, u q u, v q v t e , x y x, u y u, v y v .Ž . Ž .Ä Ä Ä Ä Ä Ä
3.1Ž .
r ww x w xConsider the completion of the group algebra C R : C R s Ł Ce .r g R
The element
d w s er wŽ . Ý
rgR
Ž w x .is a formal analog of the d-function cf. FLM , Sect. 2.2 . For any
Ž . w xX w g C R we have
d w X w s d w X 0 . 3.2Ž . Ž . Ž . Ž . Ž .
To establish this identity, it is sufficient to verify it for the basis elements
Ž . awX w s e :
d w eaw s eŽ rqa.w s d w ? 1.Ž . Ž .Ý
rgR
Ž . w xPROPOSITION 2. Let X w g C R . Then
n
›
d w X wŽ . Ž .ž /› w
k nykn › ›nyk ns y1 d w X w .Ž . Ž . Ž .Ý ž / ž / ž /k ws0› w › wks0
Ž .Proof. By induction. The basis of induction is 3.2 . To make the
inductive step, we use the Leibnitz rule:
nq1›
d w X wŽ . Ž .ž /› w
n n
› › › › X
s d w X w y d wŽ . Ž . Ž .ž / ž /ž /› w › w › w › w
kq1 nykn › ›nyk ns y1 d w X wŽ . Ž . Ž .Ý ž / ž / ž /k ws0› w › wks0
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k nykq1n › ›nykq1 nq y1 d w X wŽ . Ž . Ž .Ý ž / ž / ž /k ws0› w › wks0
k nq1yknq1 › ›nq1yk n q 1s y1 d w X w .Ž . Ž . Ž .Ý ž / ž / ž /k ws0› w › wks0
Ž . n Ž .PROPOSITION 3. Let P r s Ý r P , where P g Diff w, y , y , . . .nG 0 n n 1 2
›are differential operators that may depend on but not on w. Suppose that› w
Ž . N riw Ž . w x w xfor e¤ery f w, y s Ý e f y g C R m C y , y , . . . we ha¤e P f s 0is1 i 1 2 n
for all but finitely many n. If
e r wP r g w , y s 0Ž . Ž .Ý
rgR
Ž . w x w xfor some g w, y g C R m C y , y , . . . , then1 2
›
P e y g w , y s 0 as a polynomial in e .Ž .ž /› w ws0
Proof. We have
0 s er wP r g w , y s r ne r wP g w , yŽ . Ž . Ž .Ý Ý Ý n
rgR nG0 rgR
n
›
s d w P g w , yŽ . Ž .Ý nž /› wnG0
k nykn › ›nyk ns y1 d w P g w , yŽ . Ž . Ž .Ý Ý nž / ž / ž /k ws0› w › wnG0 ks0
k› m m q ks d w y1Ž . Ž .Ý Ý ž /ž / k› wkG0 msnykG0
m
›
= P g w , y .Ž .mq kž / ws0› w
› kŽ . Ž .4The last expression is a finite linear combination of d w . Because› w
these are linearly independent, for every k,
m
›m m q ky1 P g w , y s 0.Ž . Ž .Ý mq kž / ž /k ws0› wmG0
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Hence the following polynomial in e is zero:
m
›m m q kk0 s e y1 P g w , yŽ . Ž .Ý Ý mq kž / ž /k ws0› wkG0 mG0
›
sP e y g w , y .Ž .ž /› w ws0
We will use this proposition to derive Hirota bilinear equations from the
Casimir operator equation
V t m t s 0.Ž .k
Let us recall the definition of the Hirota bilinear equations.
Ž . Ž .For a polynomial R y , y , . . . and a function t y , y , . . . we denoteÄ Ä1 2 1 2
Ž . Ž . Ž .by R H , H , . . . (t y , y , . . . t y , y , . . . the expressionÄ Ä Ä Äy y 1 2 1 2Ä Ä1 2
› ›
R , , . . . t y q y , y q y , . . . t y y y , y y y , . . . .Ä Ä Ä ÄŽ . Ž .1 1 2 2 1 1 2 2ž /› y › y1 2 y s0i
The equation
R H , H , . . . (t y t y s 0Ž . Ž .Ä ÄŽ .y yÄ Ä1 2
is called a Hirota bilinear equation.
w x Ž .Using the same technics as in Kac , we can transform 3.1 in the Hirota
form with respect to the variables x, u, v. This is based on the followingÄ Ä Ä
observation:
› ›
R , , . . . t y q y t y y yŽ . Ž .Ä Äž /› y › y1 2
› ›
sR , , . . . t y q x q y t y y x q yŽ . Ž .Ž . Ž .Ä Äž /› x › x1 2 xs0
› › ›
sR , , . . . exp y t y q x t y y xŽ . Ž .Ä ÄÝ iž / ž /› x › x › x1 2 iiG1 xs0
s R H , H , . . . exp y H (t y t y . 3.3Ž . Ž . Ž .Ä ÄŽ . Ýy y i yÄ Ä Äž /1 2 i
iG1
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Ž . Ž .Note that the operator V s V r in 3.1 satisfies the conditions ofk k
Ž .Proposition 3. The normal ordering in 3.1 guarantees that all of the
differentiations are performed before the multiplications by x , u , ¤ . Thusj i i
Ž . Ž .applying 3.3 and Proposition 3, we obtain that V z t m t can be written
in the Hirota form as follows:
V z t m tŽ .
1 zyj
js exp 4 z x exp y2 HÝ Ýj xÄjž /½ ž /16 jjgN jgNodd odd
1 zyj 1
jq exp y4 z x exp 2 H yÝ Ýj xÄjž / ž /16 j 8jgN jgNodd odd
21
j yjy 2 jz x q z HÝ Ýj xÄjž /4 jgN jgNodd odd
y 2 iz2 i¤ q H q zy2 iH 2 iz 2 iu q zy2 iHÝ Ý Ý Ýi w u i ¤Ä Ä Äž / ž /i i 5
iG1 iG1 iG1 iG1
1 zy2 i
2 i=exp e y H z u exp y e y H HŽ . Ž .Ý Ýw i w ¤Ä Ä Äž / iž /2 iiG1 iG1
=exp x H exp u H exp ¤ HÝ Ý Ýj x i u i ¤Ä Ä Äž / ž /j i iž /
jgN iG1 iG1odd
wÄ wÄ(t e , x, u, v t e , x, u, v . 3.4Ž .Ž . Ž .Ä Ä Ä Ä Ä Ä
The solutions for V t m t s 0 that will be constructed in the nextk
section do not depend on v, so we can make a reduction H s 0.¤Äi
Furthermore, to simplify the notations we will denote H by H , H byw 0 xÄ Ä2 iq1
H , and H by H . We get2 iq1 u 2 iÄi
V zy2 kt m tÝ k
kgZ
1 zyj
js exp 4 z x exp y2 HÝ Ýj jž /½ ž /16 jjgN jgNodd odd
1 zyj 1
jq exp y4 z x exp 2 H yÝ Ýj jž / ž /16 j 8jgN jgNodd odd
21
j yjy 2 jz x q z HÝ Ýj jž /4 jgN jgNodd odd
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y 2 iz2 i¤ q H q zy2 iH 2 iz2 iuÝ Ý Ýi 0 2 i iž / ž / 5
iG1 iG1 iG1
=exp e y H z 2 iu exp x H exp u HŽ . Ý Ý Ý0 i j j i 2 iž /ž / ž /
iG1 jgN iG1odd
wÄ wÄ(t e , x, u t e , x, u . 3.5Ž . Ž . Ž .Ä Ä Ä Ä
This can be interpreted as a formal series in independent variables
z 2, e , x , u , ¤ , where the coefficients are Hirota polynomials in H ,j i i 0
H , H , . . . . We obtain a hierarchy of the Hirota bilinear equations by1 2
considering coefficients at various monomials in the equations
wÄ wÄŽ . Ž .V (t e , x, u t e , x, u s 0, k G y1. We call this system of Hirota equa-Ä Ä Ä Äk
tions the extended KdV hierarchy.
When we consider Hirota equations corresponding to the monomials
that depend on x , x , . . . only, we recover the KdV hierarchy. Other1 3
nontrivial equations of degrees less than or equal to 5 are given below.
From the coefficient at x u :1 2
H H 3 q 2 H H y 6H H s 0. 3.6Ž .0 1 0 3 1 2
From the coefficient at u2:2
H 2H 4 y 4H 2H H q 48 H H y 48 H 2 s 0. 3.7Ž .0 1 0 1 3 0 4 2
From the coefficient at x u :1 4
H H 5 q 20H H 2H q 24H H y 120H H s 0. 3.8Ž .0 1 0 1 3 0 5 1 4
From the coefficient at e x u2:1 2
40
5 2 3H H q 20H H H q 24H H y H H0 1 0 1 3 0 5 1 23
80
y H H y 40H H s 0. 3.9Ž .2 3 1 43
From the coefficient at u x :2 3
H H 5 q 5H H 2H q 24H H y 5H 3H y 40H H s 0. 3.10Ž .0 1 0 1 3 0 5 1 2 2 3
Ž . Ž .The equations 3.8 ] 3.10 form a basis in the space of equations of
degree 5 in this hierarchy. The following Hirota equations belong to this
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space:
H 3H y H H 2H s 0, 3.11Ž .1 2 0 1 3
H 3H q 2 H H y 6H H s 0. 3.12Ž .1 2 2 3 1 4
Ž . Ž .Equations 3.6 and 3.12 coincide up to a relabeling of the variables.
Ž . ŽAn equation equivalent to 3.12 occurs as the second equation of degree
. Ž . Ž .5 in the Kadomtsev]Petviashvili KP hierarchy. The equation 3.11 is
apparently new.
4. N-SOLITON SOLUTIONS
w xThe same method as in Kac allows us to construct solutions for the
extended KdV hierarchy. The idea of this method is based on the follow-
ing.
Ž Ž .. Ž Ž ..PROPOSITION 4. The operator 1 q l A z, r m 1 q l A z, r com-
mutes with V .k
w xProof. Using Proposition 3.4.2 in FLM , we obtain
A z , r A z , r s A z A z K z , r K z , rŽ . Ž . Ž . Ž . Ž . Ž .1 1 2 2 1 2 0 1 1 0 2 2
2z y z1 2s : A z A z : K z , r K z , r .Ž . Ž . Ž . Ž .1 2 0 1 1 0 2 2ž /z q z1 2
4.1Ž .
By Proposition 1, V commutes withk
A z , r m 1 q 1 m A z , rŽ . Ž .
and thus with
A z , r m 1 q 1 m A z , r A z , r m 1 q 1 m A z , r .Ž . Ž . Ž . Ž .Ž . Ž .1 1 1 1 2 2 2 2
Ž .Passing to the limit with z “ z, z “ z, taking 4.1 into account and1 2
setting r s r s r, we get that1 2
A z , r m A z , rŽ . Ž .
commutes with V . But thenk
1 q l A z , r m 1 q l A z , rŽ . Ž .Ž . Ž .
s 1 m 1 q l A z , r m 1 q 1 m A z , r q l2A z , r m A z , rŽ . Ž . Ž . Ž .Ž .
commutes with V and the proposition is proved.k
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Ž . Ž Ž ..COROLLARY 5. If t is a solution of V t m t s 0, then 1 q l A z, r tk
is also a solution of this equation.
Proof. Indeed,
0 s 1 q l A z , r m 1 q l A z , r V t m tŽ . Ž . Ž .Ž . Ž .Ž . k
s V 1 q l A z , r t m 1 q l A z , r t .Ž . Ž .Ž . Ž .Ž .k
Ž .LEMMA 6. The function t s 1 is a solution of V t m t for k G y1.k
Ž .Proof. Recalling 3.1 , we obtain
1 1 1
j jV z 1 m 1 s exp 4 z x q exp y4 z x yŽ . Ž . Ý Ýj jž / ž /½ 16 16 8jgN jgNodd odd
21
j 2 i 2 iy 2 jz x y 2 iz ¤ 2 iz uÝ Ý Ýj i iž / ž /ž / 54 jgN iG1 iG1odd
= er w exp r z 2 iu .Ý Ý iž /
rgR iG1
We can see that only nonnegative powers of z appear on the right-hand
side. Moreover, the coefficients at z 0 and z 2 vanish; thus t s 1 is a
Ž .solution of V t m t s 0 for k G y1.k
Ž .Remark. V 1 m 1 for k - y1 has an interesting representation-theo-k
retic meaning}it gives a vacuum vector inside F m F.
THEOREM 7. For l . . . l , z , . . . , z , r , . . . , r g R, the function1 N 1 N 1 N
t w , x , x , x , . . . , u , u , . . .Ž .1 3 5 1 2
2z y zi im ns l , . . . , lÝ Łi i1 k ž /z q z1Fm-nFk i i0FkFN m n
1Fi - ??? -i FN1 k
k k k
j 2 j= exp r w q 2 z x q r z uÝ Ý Ý Ý Ýi i j i i jm m m mž /ms1 jgN ms1 jgN ms1odd
is a solution of the extended KdV hierarchy.
Proof. Using Lemma 6 and Corollary 5, we obtain that
t s 1 q 2l A z , r . . . 1 q 2l A z , r 1Ž . Ž .Ž . Ž .1 1 1 N N N
s l , . . . , l 2 kA z , r . . . A z , r 1 4.2Ž . Ž . Ž .Ý i i i i i i1 k 1 1 k k
0FkFN
1Fi - ??? -i FN1 k
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is a solution of the extended KdV hierarchy. Using Proposition 3.4.1 of
w x Ž .FLM , we get a generalization of 4.1 :
2z y zi im nA z , r . . . A z , r s : A z , r . . . A z , r :.Ž . Ž . Ž . Ž .Łi i i i i i i i1 1 k k 1 1 k kž /z q z1Fm-nFk i im n
4.3Ž .
Recalling that
1
j 2 iA z , r s exp rw q 2 z x q r z uŽ . Ý Ýj iž /2 jgN igNodd
zyj › zy2 i ›
= exp y2 y r ,Ý Ýž /j › x i › ¤j ijgN igNodd
and using the definition of the normal ordering, we get
2 k : A z , r . . . A z , r :1Ž . Ž .i i i i1 1 k k
k k k
j 2 js exp r w q 2 z x q r z u . 4.4Ž .Ý Ý Ý Ý Ýi i j i i jm m m mž /ms1 jgN ms1 jgN ms1odd
Ž . Ž . Ž .Combining 4.2 , 4.3 , and 4.4 , we obtain the claim of the theorem.
Let us finish this section by presenting the formulas for the solutions of
Ž .the partial differential equations corresponding to Hirota equations 3.6
Ž . Ž .and 3.11 . Setting x s x , y s w, z s x , t s u , we rewrite 3.6 and1 3 1
Ž .3.11 as
H 3H q 2 H H y 6H H s 0, 4.5Ž .x y y z x t
H 3H y H 2H H s 0. 4.6Ž .x t x y z
Every bilinear Hirota equation can be written as a partial differential
Ž .equation via the logarithmic transformation. Introducing f t, x, y, z
› Ž .s ln t , we can write 4.5 as a nonlinear PDE:› x
›
6 f y f y 6 f f y f s 0. 4.7Ž .Ž .t x x y x y y z› x
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Applying the previous theorem and treating all noneffective variables as
Ž .parameters, we obtain the following solutions of 4.7 :
›
f t , x , y , z s ln t , 4.8Ž . Ž .
› x
where
2c y ci im n
t s l , . . . , lÝ Łi i1 k ž /c q c1Fm-nFk i i0FkFN m n
1Fi - ??? -i FN1 k
k k k k
2 3= exp r c t q 2 c x q r y q 2 c z .Ý Ý Ý Ýi i i i im m m m mž / ž / ž / ž /ž /
ms1 ms1 ms1 ms1
4.9Ž .
The second derivative of ln t exhibits the N-soliton behavior; thus
Ž . Ž .4.8 ] 4.9 is the N-soliton potential.
Note that these solutions are different from the solutions arising in the
context of the KP hierarchy. This may indicate that there is a larger Lie
algebra governing the symmetries of this equation.
The transformation t s e g, g s ln t allows us to write Hirota equation
Ž .4.6 as a PDE:
g q 6 g g y g y 4 g g y 2 g g s 0. 4.10Ž .x x x t x x x t x x y z x y x z x x y z
Ž . Ž .The t-function expression 4.9 provides a family of solutions of 4.10 .
5. APPENDIX: GENERALIZED CASIMIR OPERATORS
The Casimir operator plays a prominent role in the representation
theory of Lie algebras. The main feature of the Casimir operator is that it
commutes with the action of the Lie algebra. To construct it one needs a
Žnondegenerate invariant bilinear form on the Lie algebra see Section 2.8
w x.in Kac . The semidirect product of g with D possesses such a form;
however, we deal here with a deformation of this algebra. Nevertheless,
Žthe corresponding operator still commutes with the action of g but
.not D .
 i4  i4First, we introduce a Casimir operator for g. Let e and f be dualÇ
bases in g with respect to the invariant bilinear form. Then for everyÇ
X g g ,Ç
X N ei f i s X N f i e i s X .Ž . Ž .Ý Ý
i i
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Ž . Ž .Because g N g s 0 unless j s yj mod h , then for X g g we haveÇ Ç Çj j 2 1 m1 2
X N ei f i s X N f i e i s X . 5.1Ž .Ž . Ž .Ý Ýym m ym m
i i
ÇThe Casimir element V is defined by
Ç i i i iV s e m f s e m f g U g m U g .Ž . Ž .Ç ÇÝ Ý Ý j j1 2
i i j , j gZ1 2 h
Ž . Ž .The algebra U g m U g is graded by the root lattice of g. TheÇ Ç Ç
projection of the root lattice on Z by the height function induces a
Ç ÇŽ . Ž .Z-grading of U g m U g . Because V commutes with the action of h , itÇ Ç
Ž . Ž .belongs to the height 0 component of U g m U g . Hence the same isÇ Ç
Ž . Ž .true for the principal Z -grading of U g m U g , which means thatÇ Çh
ei m f i s 0 if j q j / 0 mod h . 5.2Ž . Ž .Ý j j 1 21 2
i
Consequently,
Ç i iV s e m f .Ý Ý j yj
i jgZ h
Ž . Ž .The Lie algebra g is embedded in U g m U g via the diagonal map:Ç Ç Ç
X ‹ X m 1 q 1 m X .
ÇThe Casimir element V commutes with g:Ç
i i i iÇw xX , V s X , e m f q e m X , f s 0.Ý Ý ž /j yj j yj
i jgZ h
Ž . Ž .In the case where X g g , taking the U g m U g -component ofÇ Ç Çm jqm yj
the previous equality, we obtain
i i i iX , e m f q e m X , f s 0. 5.3Ž .Ý ž /j yj jqm yjym
i
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Now consider the generalized Casimir operators V , k g Z, for thek
toroidal algebra g:
V s w ei s jtr m f i s k hyjtIrŽ .Ý Ý Ýk j yj
n jgZ irgR
1
jh r Žkyj.h Irq s t D m w s t KŽ .Ý Ý s 0h n jgZrgR
1
jh r Žkyj.h Irq w s t K m s t DŽ .Ý Ý 0 sh n jgZrgR
n
jh r Žkyj.h Irq s t D m w s t KŽ .Ý Ý Ý p p
n ps1 jgZrgR
n
jh r Žkyj.h Irq w s t K m s t DŽ .Ý Ý Ý p p
n ps1 jgZrgR
r N rŽ .
jh r Žkyj.h Iry w s t K m s t K .Ž .Ý Ý 0 02h n jgZrgR
Ž . 2Remark. The constant r N r rh is chosen to make t s 1 a solution of
Ž . ŽwV t m t s 0. Using the Freudenthal]de Vries ``strange'' formula Kac,0
Ž .x.12.1.8 we obtain that
r N r dim g l h q 1Ž . Ž .Ç
s s .2 12h 12hh
PROPOSITION 1. The operators
V : F m F “ F m Fk
commute with the action of g.
Proof. Because g is generated by the elements Xsm0 tm with X g g ,Ç m0w Ž m0 m . xit is sufficient to show that w Xs t , V s 0. Indeed,k
m m0w Xs t , VŽ . k
m m i j r i k hyj Ir0s w Xs t , e s t m f s tÝ Ý Ý ž /j yj
n jgZ irgR
i j r m m i k hyj Ir0q w e s t m Xs t , f s tÝ Ý Ý ž /j yj
n jgZ irgR
1
jh r m m Žkyj.h Ir0y s t D , w Xs t m w s t KŽ . Ž .Ý Ý s 0h n jgZrgR
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1
jh r Žkyj.h Ir m m0y w s t K m s t D , w Xs tŽ .Ž .Ý Ý 0 sh n jgZrgR
n
jh r m m Žkyj.h Ir0y s t D , w Xs t m w s t KŽ . Ž .Ý Ý Ý p p
n ps1 jgZrgR
n
jh r Žkyj.h Ir m m0y w s t K m s t D , w Xs tŽ .Ž .Ý Ý Ý p p
n ps1 jgZrgR
i jqm rqm i k hyj yr0s w X , e s t m f s tÝ Ý Ý ž /j yj
n jgZ irgR
i jqm rqm i k hyj yr0q w e s t m X , f s tÝ Ý Ý ž /jqm yjym0 0
n jgZ irgR
nm0i jh rqm jh rqmq w X N e s t K q m s t KÝ Ý Ý ÝŽ .ym 0 p p0 ½ 5ž hn jgZ i ps1rgR
mf i sŽkyj.hqm0 tyrm0 /
q w ei s jhqm0 tr m X N f iÝ Ý Ý Ž .m ym0 0žn jgZ irgR
nm0 Žkyj.h myr Žkyj.h myr= s t K q m s t KÝ0 p p½ 5 /h ps1
m0 jhqm rqm Žkyj.h yr0y w Xs t m s t KŽ .Ý Ý 0h n jgZrgR
m0 jh r Žkyj.hqm myr0y w s t K m Xs tŽ .Ý Ý 0h n jgZrgR
n
jhqm rqm Žkyj.h yr0y m w Xs t m s t KŽ .Ý Ý Ý p p
n ps1 jgZrgR
n
jh r Žkyj.hqm myr0y m w s t K m Xs t .Ž .Ý Ý Ý p p
n ps1 jgZrgR
Ž .Applying 5.3 , we see immediately that the sum of the first two terms is
Ž .zero, and the rest cancel out because of 5.1 .
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Ž . Ž .To obtain explicit expression 2.14 for V z , we use the following dual
Ž w x Ž ..bases in g see Theorem 2.2 in Kac and 1.1 :Ç
is1, . . . , l1 1is1, . . . , la yaT , A and T , A . 4 ÇgDi lq1yia a yas ½ 5h A N AŽ . ÇagD s
Using these bases, we obtain the following generating series for the
family of generalized Casimir operators:
V z s V zyk hŽ . Ý k
kgZ
l1
m qjh r ym qŽkyj.h yr yk hi is w T s t m T s t zŽ .Ý Ý Ý Ý i lq1yih nis1 jgZ kgZrgR
1
a j r ya yjqk h yr yk hq w A s t mA s t zŽ .Ý Ý Ý Ý j yja yaA N AŽ . n jgZ kgZrgRÇagD s
1
jh r Žkyj.h yr yk hq s t D m w s t K zŽ .Ý Ý Ý s 0h n jgZ kgZrgR
1
jh r Žkyj.h yr yk hq w s t K m s t D zŽ .Ý Ý Ý 0 sh n jgZ kgZrgR
n
jh r Žkyj.h yr yk hq s t D m w s t K zŽ .Ý Ý Ý Ý p p
n ps1 jgZ kgZrgR
n
jh r Žkyj.h yr yk hq w s t K m s t D zŽ .Ý Ý Ý Ý p p
n ps1 jgZ kgZrgR
l h q 1Ž .
jh r Žkyj.h yr yk hy w s t K m s t K z .Ž .Ý Ý Ý 0 012h n jgZ kgZrgR
Ž .Taking 5.2 into account, we get
w Aas jtr m Aya syjqk htyr zyk hŽ .Ý Ý j yj
jgZ kgZ
s w Aa s j1tr m Aya s j2 tyr z j1qj 2 .Ý Ý Ž .j j1 2
j gZ j gZ1 2
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Thus
l1
V z s T z , r m T z , yrŽ . Ž . Ž .Ý Ý i lq1yiž hn is1rgR
1
a yaq A z , r m A z , yrŽ . Ž .Ý a yaA N AŽ .ÇagD s
1 1
q D z , r m K z , yr q K z , r m D z , yrŽ . Ž . Ž . Ž .s 0 0 sh h
n n
q D z , r m K z , yr q K z , r m D z , yrŽ . Ž . Ž . Ž .Ý Ýp p p p
ps1 ps1
l h q 1Ž .
y K z , r m K z , yrŽ . Ž .0 0 /12h
l1 1
a yas : T z mT z q A z mA zŽ . Ž . Ž . Ž .Ý Ýi lq1yi a ya½ h A N AŽ .is1 ÇagD s
l h q 1 1 1Ž .
y q D z m 1 q 1 m D zŽ . Ž .s s12h h h
n n
q D z m K z q K z m D zŽ . Ž . Ž . Ž .Ý Ýp p p p 5
ps1 ps1
= K z , r m K z , yr :.Ž . Ž .Ý 0 0
nrgR
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